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Abstract 



It is shown that algebra of quantum space of the title of the present 
paper may be realized on usual unphysical Minkowskii one. Equations 
of field theory and there solutions are discussed. Solution equations of 
particle motion are obtained in implicit form from the classical ones. 



1 Introduction 

In [1] it was proposed the way for construction gauge-invariant field theory in 
quantum space with 3 dimensional constants. In the case of the quantum space 
with infinite value of the constant with dimension of the length this construction 
become essentially more simple. And thus it is the sense to consider this version 
in the first turn before over going to the general case. 

In this version group of inner symmetry coincide with Poincare one and 
thus equation of field theory will conserve its form in terms of operators of 
space-time translations Pi. But the form of this operators will be defined on 
the space of representation of corresponding quantum algebra (see (1) in the 
next section). In the usual Minkovski space-time pi = As it was shown 

in [1] in the case under consideration quantum algebra can be realized on two 
unit four-dimensional and two-dimensional vectors and corresponding formulae 
for all elements of quantum space where presented there in explicit form. In 
the present paper we essentially simplify form of these elements showing that 
realization in [1] is canonically equivalent to realization on unphysical Minkovski 
space. In other words we present realization quantum space on unphysical four 
dimensional manifolds with coordinates xf 1 with commutation relations with 
physical space-time translations [pj, xj 1 ] — gij. All other generators of quantum 
space are presented in terms of these conjugated pairs of Darboux [2]. For the 
reader for whom mathematical problem not so essential author advise begin 
reading directly from section 5. 
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2 Quantum ("deformed") spaces 



The most general form of the commutation relations between the elements of 
the quantum four-dimensional space-time (x- coordinates, p- impulses, F- gen- 
erators of Lorentz rotations, I -unity element) are the following ones [6] 



F- ih ih 

\p h xj] = ih{ gij I + -jj-), \pupj] = j^F ih [xuxj] = j^Fij, 



[i, Pi ] = ih(^-^), [i, Xi ] = ih(j^-^), [/,iy = o (i) 

[Fij,x s ] = ih(g ls Xj - g JS Xi), [F i:j ,p s ] = ih(g is pj - g Js pi) 
\Fij i Fgh\ — ihi^QjsF^ g%sFjk QjkF%s ~l~ gikFjs) 

Commutation relations (1) must be submitted by some additional conditions 
which responsible for correct limit to usual Minkowski space-time in the infinite 
limit of dimensional parameters. Such conditions looks as 

XjPi XiPj ~t~ PiXj PjXi 

i,3 - - 2 

which in Minkovski limit (J — > 1) represent relation between angular moments 
and linear coordinates and impulses. The additional conditions above allow to 
choose definite representation of algebra (1) in the unique way [1]. 

Commutation relations of the quantum space contain 3 dimensional param- 
eters of the dimension length L, the impulse Mc —> M and the action H . The 
equalities of Jacobi are satisfied for (1). It should be stressed the signs of L 2 , M 2 
are not required to be positive. The limiting procedure M 2 ,H — > oo leads to 
the space of constant curvature, considered in connection with Column problem 
by E.Schrcdinger [3], L 2 , H — > oo leads to quantum space of Snyder [4], H — ► oo 
leads to Yangs quantum space [5]. Except of L 2 ,M 2 parameter dimension of 
action H was introduced in [6]. 

The term quantum space is not very useful, because the modified classical 
dynamics may be considered in it (also as electrodynamics, gravity theory and 
so on). 

In general (1) is commutation relations one of real forms of six-dimensional 
rotation group. In the case L 2 — > oo as it follows directly from (1) commutation 
relations between pi, F iy j exactly coincide with commutation relation of Poincare 
algebra and thus the last is the group of motion of the space-time under consid- 
eration. But this is not the Snyder case. Because in the case under consideration 
the whole algebra (1) coincide with conformal one SU(2,2) ~ 0(2,4). In the 
Snyder case (H — > oo) this is algebra of 5-dimensional rotation with shifts. This 
is not a semi simple algebra. 
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3 Realization of quantum ("deformed") space 

Let us introduce in (1) dimensional less variables ( < M 2 ) 

= -^0 4 , a , x = -j^0 4 ,5,p a = jjM{0 Aia +0 6i0l ), po = -^M(0 4>5 +0 6i5 ) 

/ = — 6j4 , f a = h05 t0l , l a< p = hO a fi (2) 

In formulae above indexes a, 4 belong to compact group of four dimensional 
rotation 0(4), 5,6 to compact group 0(2). Oj generators of non compact 
algebra SU {2,2) = 0(2,4). 

The second Kazimir operator in this notations looks as 

-^2 = i H 7T^ TZ H 



M 2 H H 2 

i^f(ol A + E og,- + ol + E og,- - ol E °t P ) 

In [1] it was shown that to have correct limit to usual Minkovski space it is 
necessary use only definite unitary representation of six dimensional non com- 
pact rotation group. Generators of this representation must satisfy 15 additional 
conditions namely 

^ ^ ,k,l,m,nOk,lOm,7i 

where eij_k.i,m.n anti symmetrical tensor Levy-Chevita in six dimensional space. 
In cited papers such representation was found and present below generators of 
conformal algebra in this representation 

M = cos <j)(pql + ^2qlQ hl ) -sin^4 — 

Q 

5>4 = s\n<p{pq\ + ^q\Q t ' 1 ) + cos (j>q\ — 

d 

O e , a =cos^ + ^ 9 *Q i ' 1 )-sin^^ (3) 

d 

5 , Q = sin cj>{pq l a + E CQ 1 ' 1 ) + cos H* ^ 
d 

06,5 = Oa.Ji = Qa.fi 

where Q a ,p, Q ^ generators of left and right regular representation of compact 
group of four dimensional rotations, elements of four dimensional orthogonal 
matrix q = cxp Oi^ip exp 02,3$ exp O34CT. In (3) it is necessary work in invariant 
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subspace which is defined by conditions Q 1 ' 2 = Q 2 ' 3 — Q 13 — 0, which means 
invariance with respect to transformations of three dimensional right group of 
rotations, p parameter defining representation of conformal algebra. In its terms 
second Kazimir operator looks as K 2 = {jj) 2 p(p + 4). 

Directly from (3) it follows immediately that non compact generators will 
be anti hermitian under the choice p = —2 + iS, compact generators are anti 
hcrmitian ones Q H = —Q. Thus if we want to work with hermitian operators 
of observable variables all generators above its necessary multiply on i. In this 
case Kazimir operator of main continues series take the form K 2 = jj) 2 {A + 8 2 ) 
and allow correct (by sign) limit to Minkowsky space-time. 

4 Rewriting results of the previous section in 
more observable form 

In this section we realize representation of the quantum space on the variables 
usual to Minkovski space four coordinates and four conjugated for them im- 
pulses. But additional coordinates do not coincide with physically observable 
ones. 

From the point of view of functional algebras [2] this correspond to descrip- 
tion on the language of Darboux pairs of conjugated coordinates and impulses. 

It is necessary keep in mind (as it was mentioned above) that representation 
(3) is realized on four dimensional unit vector q 1 and unit two dimensional 
vector (f>. And thus functions on this space of representation are dependent 
on four independent coordinates. We will use free first components of four 
dimensional unit vector q and <f>. In other words arbitrary function on the 
space of representation has the form F — F{q\, <f>). Dimcnsionless operators of 
impulses (space-time translations) have the form (2) and (3) 

d -> d 

Po = psm(f)ql + (1 - cos ^4)— + sin — — ) 

°<p d q 

In writing this expression we take into account that action Q hl F(ql l ,4>) = 
SaCQ 1 ' 1 ) 9a]§^' = Sa^agfr-P 1 an d the same equalities in corresponding cal- 
culations below. 

_» g q 

p a = pcos(()q a + (q 4 -cos0)— +q a cos^)(q — )+q a sm<f>— 

"la d q d( P 

where (<? 9) + {q\) 2 = 1. By direct simple computation one can verify that all 
operators above are mutual commutative. 

Now we resolve the last system of equations with respect to operators g|r , 
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Multiplying equations for p a on q\ and perform summation we come to 
linear system of algebraic equations for X =Q -4r), Y = -j^ 

sm4>q\X + {\ — q\ cos (f>)Y = p - psm<j>ql, 

q\(l - q\ COS<ft)X + sin<ft(l - {q\) 2 )Y = ^( 9 > a ) - P C0S<ft(l - (q\f) 
Resolving this system of equations leads to derivatives 

d_ = p sin (ft ( 1 - q\ cos (j))p - sin (ft X) (qjp a ) 
d(j) q\ — cos (ft (g] — cos <ft) 2 

d = Plj + r Pa -po sin(ft + X(g a Pa) i 

dqi q\ {q\ - cos (ft) (g£ - cos (ft) q\ (q\ - cos <ft) 2 

Using the same technique of calculations it is not difficult to check that four 
coordinates (dimensionless) 

sin (ft q\ 



q^ — cos (ft q£ — cos 

and dimensionless impulses p a = {O^.a + Oq iCI ),pq — {O^ + Oq^) satisfy usual 
canonical commutation relations 

\pi,Xj] = g id , g .o = -1, g a ,p = 1 

These coordinates are not physical observable coordinates of the particles but 
have only the mathematical meaning as additional way for enumerating points 
in quantum space in representation canonically equivalent to the initial one 
(2) and (3). We will marked these coordinate by additional M upper indexes. 
Physically observable coordinates are defined by (2) and may be expressed in 
terms of conjugated pairs Pi,Xi. Indeed 

XQ = O4.5 =P0~ 6 ,5 = P0 - 7T7 = P X } + ~T~^ jPO ~ x ^ { x oPO ~{ X* , P) = 

o<p 54 — COS (ft 

M r(X(f) 2 — ( X ) 2 + 1) Mr M * \ ■] 

In the last transformation we have used equality 

(sin (ft) 2 - (1 - (q\f ) _ q\+cos(j> 



(q\ — cos <ft) 2 q\ — cos ( 

Further 

x a F = 4 . a F = ^[Q 4;Q , 9 i]_ = -qlT-rF 
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Now substituting equated above we come to the expression for space phys- 
ical coordinate 

Xa = px M + ^f-Cxf + l) ^ x M {x M po ( V , ?) 

5 Realization of quantum space on the usual 
Minkovski one 



It is possible present all generators of the conformal algebra of quantum space 

3 



in terms of Darboux pairs of generators of Minkovski space Pi , xf 1 . For dimen- 
sionless generators we have 



x i = px? + $f-p i -x?(x M p)] 

where x 2 M = {x^f - (V) 2 , (x M p) = x™p - ( V, p). 

I = p-(x M p), F ll = {xfp l -xfp j ) 

The presented above generators satisfy commutation relations of quantum al- 
gebra (1) with L = oo the satisfy additional conditions 

XjPi XiPj "T PiXj PjX{ 

IFij = g 

These conditions are responsible for correct relations between angular and linear 
coordinates and impulses. 

6 Field theory and equations of classical dynam- 
ics in quantum space 

All equations of field theory contain its form in quantum space with Poincare 
group of motion. Only one condition was used in construction of field theory in 
Minkovski space. Namely condition of invariancc of its equations with respect 
transformation of Poincare group. Thus in all equations of the classical field 
theory it is necessary change operators of differentiation on space-time coordi- 
nates on corresponding operator of translation in quantum space. If we will 
enumerate quantum space by un physically coordinates xf 4 the solution of the 
field equations will coincides with the classical ones. But if it will be necessary 
to solve some problem with initial conditions in real physical space time it will 
be necessary enumerate the points by proper values of some commutative four 
generators having physical sense. For instance in the space under consideration 
impossible enumerate quantum space by proper values of four coordinates there 
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generators are not commutative and have no common proper values. But four 
generators t, ( r ) 2 , ( / ) 2 , l 3 have common proper values. Equations of field the- 
ory it is possible to write and solve in these coordinates. Of course there form 
and solution will be different from classical ones. 

We would like clarify this situation on the example of solution of the Kepler 
problem of classical dynamics. The equation of Hamilton- Yacobi conserve its 
form 

(PoS - A,) 2 - ((P S - (A) 2 = m 2 

where A vector potential of electro magnetic field. Solution equations of Mak- 
swell in unphysical coordinates is the same and particulary coincide with usual 
potential of Column. And thus in unphysical coordinates we will have solution 
of classical Kepler problem with conserving Laplace vector in non relativistic 
limit. But this solution must be substituted into equations connected unphys- 
ical coordinates and impulses with the physically ones by the formulae of the 
previous section. Then the parameter of the proper time, which parametrize 
solution in relativistic case will be connected with the real time coordinate and 
all the relation of connection space coordinates will give modified traectory of 
motion in quantum space under consideration. Of course from these results 
it will be possible to give rough estimation for parameters H, M of deformed 
space-time. 

7 Outlook 

In present paper we have shown how necessary representation of quantum space 
algebra may obtain in usual for physics Minkovski space. Of course this is 
equivalent to obtained initilly in [1] . But construction of the present paper allow 
to work in quantum space practically by the same way as in the Minkovski of 
the usual theory of the field. From results of the paper it became clear that 
in the general case of quantum space with 3 dimension parameters its algebra 
may be realized on un physical Mincovski space. It follows from application of 
Darboux theorem [2] to quantum space algebra of the general position. Thus 
all physical consequence author will try to do after consideration of the general 
case which he hope to finish in the nearest time. 
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